We report on the exact computation of the S 3 partition function of
Introduction and Summary
It has recently been discovered that the partition function of a Chern-Simons-matter (CSM) theory with N ≥ 2 supersymmetry on a three-dimensional sphere reduces to a matrix integral [1, 2, 3] . These matrix integrals are powerful quantitative tools to analyze CSM theories, and has lead to a number of important results, including the successful derivation of the N 3/2 behavior [4] and various precise checks of the AdS 4 /CFT 3 correspondence (see [5, 6, 7] and subsequent works).
In this paper we study the CSM theory with the highest amount of supersymmetry (N ≥ 6), namely the ABJM theory [8] . It has gauge group U (N ) k × U (N ) −k , where k is the level of the Chern-Simons term. Since ABJM theory is the worldvolume theory of multiple M2-branes, it is natural to ask if we could extract any useful data about M-theory from the three-sphere partition function of the ABJM theory.
In M-theory we have non-perturbative corrections from membrane instantons. This is reflected in the three-sphere partition function as an expansion of the terms of order e − √ N/k [9] . However, this expansion is not directly captured in most of the previous analysis of the three-sphere partition function, where we take the t' Hooft limit N, k large with N/k kept finite. Instead we need to take the M-theory limit, with N large and k kept finite. The leading N contribution in this limit is determined by [7] and the all order 1/N expansion in [10] . Moreover the paper [10] discuss the non-perturtbative instanton correction in an expansion around k = 0. However the for the most interesting case of k finite, the general results on the non-perturbative corrections are still lacking. To answer this question it will be of great help to systematically compute the behavior of the three-sphere partition function for finite N and k.
In this brief note we report on the exact computation of S 3 partition function Z(N ) of the k = 1 (N = 8) ABJM theory for N = 1, . . . , 19, based on the Fermi gas approach of [10] and the TBA-like equations of [11, 12] .
1
Our results are given as follows:
Section 2 of this paper is devoted to the derivation of this result. Similar methods could be applied to k > 1. It would be interesting to find an analytic expression for general k and N .
The knowledge of the exact values of Z(N ) in this paper allows one to perform various numerical tests with high precision. As an example, we compute in Section 3 the coefficient of the membrane 1-instanton contribution to the partition function (see (30)).
Note: During the preparation of this manuscript we received a paper [16] , which has substantial overlap with our paper. The paper contains the exact results up to N = 9, which is consistent with ours.
Derivation
Let us consider the grand canonical partition function
As is shown in [10] , this is given by a Fredholm determinant
withK defined by an integral kernel
and
In practice, it is useful to use the following relation:
with
The problem thus reduces to the computation of Z . Let us define the kernel for the operatorK(I − λ 2K 2 ) −1 by R + (x, y) and for λK
As is clear from the definition, the integral of R ± (x) gives Z :
Let us further define (θ), η(θ) by
It was conjectured in [11] and later proven in [12] that these functions satisfy the following two TBA-like equations:
Let us define
Suppose n (θ), n = 0 . . . j are known. We can then find η n (θ), n = 0 . . . j by performing the integration in (9), and then j+1 (θ) from (10). Thus one can solve the TBA-like equations recursively, order by order in λ, starting from
Once we know n (θ) and η n (θ) for n = 0 . . . N we can find R +,n (θ) and R −,n (θ) for n = 0 . . . N and, therefore, Z 2n+1 and Z 2n+2 for n = 0 . . . N from (8) . Practically, it is useful to make the following change of variables: e θ 2 = t. Then the equations (9-10) read
Let us specialize to k = 1 for simplicity. One can show that the functions n (t), η n (t) have rather simple structure:
where G 
where in the right hand side log t has a brunch cut from 0 to +∞, the contour γ goes from +∞ to 0 below the cut and then to +∞ above the cut, C(t) is a rational function and B j+1 (x) is Bernoulli polynomial.
Using the described procedure we find 2 :
From (2), (6) we obtain our main results (1).
Numerical Applications
It is easy to check numerically (cf. [14, 16] ) that the exact results obtained in the previous section are in agreement with the Airy function asymptotics. According to [15, 10, 14] the perturbative part of the partition function for k = 1 is given by Figure 2: In these figures, the dots represent the sequence (24) (left) and its 9-th Richardson-like transform F (9) (N ) (right).
where
The Fig. 1 shows that indeed Z(N ) approaches Z (pert) (N ) exponentially fast. In [16] it was checked that the non-perturbative part Z (np) ≡ Z − Z (pert) is suppressed by e −2π √ 2N which agrees with the previous analytical results [6, 10, 9] . One can go further and find the leading behavior of the prefactor. Namely, let us consider the following sequence:
From the previous works one expects that this sequence has an asymptotic expansion of the following form: 
Its crucial property is that
In particular, if we define
then one can show that
The graph of F (9) (N ) is shown on the right of Fig. 2 . The sequence converges very fast, which verifies the self-consistency of the assumption (25). Our numerical result suggests that c 0 = 2 exactly. One can also numerically obtain c 1 , c 2 , . . . using similar techniques. On the M-theory side of the AdS/CFT correspondence this gives the 1-instanton contribution from M2-branes 3 :
It would be interesting to check this by a direct calculation of 1-instanton contribution in M-theory. Let us note that the prefactor in (30) cannot be obtained by previously developed techniques since they provide the non-perturbative part of the partition function as non-trivial asymptotic expansions either for large k [6] or for small k [10] , whereas the result (30) is for k = 1.
